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Abstract. It is known by Sahni [2] that the integral flow problem with overlapped
bundles is NP-complete. We show that this problem remains NP-complete even if
the bundles are disjoint.

1. Definition of the problem

Let D = (N,E) be a directed graph with specified nodes s,t € N. A
mapping f : E — Ny is called an integral flow, if for each node v € N\{s,t},

Yo fwo)= Y f(vuw)
(u,v)EE (vu)eE
The flow value v(f) is defined by:
o(f)= ) flwn)— Y F((tw)
(ut)eE (tw)eE

The integral flow problem with bundles is specified as follows:

PROBLEM: Integral flow with bundles.
INSTANCE: Directed graph D = (N, E), specified nodes s,t € N, sets I,
, I, C E, capacities ¢1, ..., ¢z € IN, and R € IN.

QUESTION: Is there an integral flow f : E — INy with flow value v(f) > R
such that Zeaj f(e) <c¢j foreach j € {1,...,k}?

2. Complexity result

In an earlier paper Sahni has shown that this problem is NP-complete, if the
sets I, ..., I, also called bundles, are overlapped. Sahni has given a trans-
formation from the independent set problem to the integral flow problem
with bundles. For each undirected graph G = (N, E) he has constructed a
directed graph D = (N U {s,t},{(s,n), (n,t)|n € N}) with bundles:
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(1) I(i = {(nlut)v (n27t)} for each edge €= (n17n2) € E)

(2) Itsm) =1{(s,n)} for each node n € N,

(3) Iy = {(n,t)} for each node n € N with degree d(n) = 0.

Each bundle is assigned the capacity 1. There is an integral flow of D with
value v(f) = R, if and only if there is an independent set in G of cardinality
R. We see, that the bundles are not disjoint, if there is at least one node
v € N with degree d(v) > 1. For the subproblem with disjoint bundles we
have the following complexity result:

THEOREM 1. The integral flow problem remains NP-complete, if the bundles
are disjoint.

PRrOOF. Clearly, the flow problem is in NP. We give a transformation
from the satisfiability problem, which is shown to be NP-complete [1], to
the integral flow problem.
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Fig. 1: The complete graph construction

Let o = (1 A ... A cp) be a formula in conjunctive normal form with
clauses ¢; = (y;1 V yi2 V ¥:3) and variables V = {z1,...,2,}. We construct a
directed graph D = (N, E) and a set of disjoint bundles with corresponding
capacities 1. We define:

{p|1 <k <m(n—1)} U
{ajl1 <j <m}u{s,t}
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gij»aj)|zi € {yj1, yjo. yj3},1 < i <n,1 <j<m}
Gij> a5)|Ti € {yj1, 52,53}, 1 <i<n,1 < j <m}
be,t)|[1 <k <m(n—1)}
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Fig. 2: The variable setting

The graph construction is illustrated in Figure 1. As bundles we have for
each1<i<n,1<j<m:

Li-1ymej = 1(9ijs dij)s (Gigj modmt1)s diG modm+1)) }»

and for each other edge e € E we take a bundle I, = {e}.

We now claim: there is an integral flow of value 2-n-m, if and only if the
formula « is satisfiable.

First note that we must have a flow of size one through the edges (s, gi;),
(5,9:;)s (dij,t), (aj,t) and (bj,t). The idea of the variable setting is given
in Figure 2. Using the bundles (the indices of the bundles are drawn as
edge labels in the Figure), there exist only two feasible choices for the flow
between nodes g15,9,; and dy; for j =1,2,3.

Suppose « is true. Let ¢ : {z1,...,2,} — {0,1} be an assignment of
values to the variables with 1(c;) =1 for all 1 < j < m. Then, we define
as flow f((gij,dij)) = 1 —¥(zi) and f((9i5,dij)) = ¥(x;) for 1 < i < m,
1 < j <m. Since 9(c;) =1 for each 1 < j < m, we can define k; € {1,2,3}
as the smallest index with v (y;,) = 1. If the literal y;z; is equal to a non-
complemented variable z;, then we take f((gix;,a;)) = 1. If yjz; is equal to
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a complemented variable ;, then we take f((g,,a;)) = 1. The other flow,
which arrives at g;; or g;; and goes not through a vertex d;; or a;, we send
through one of vertices bg. In total, we get a feasible integer flow of size
2-n-m with Zeelj f(e) <1 for each bundle ;.

Suppose we have an integer flow of size 2-n-m with Zeelj f(e) < 1. Then,
for each 1 < i < n either f((gij,dij)) =1 for 1 < j <mor f((g;;,di;)) =1
for 1 < 5 < m. Using this fact, we define an assignment ¢ of the variables
as follows:

V(i) = f((Gij> dij))-
Since f((aj,t)) =1 for every 1 < j < m, exactly one of three edges which
arrives at a; has flow value one. This implies directly that t(c;) = 1 for
each 1 < j <m and that ¢¥(a) =1. O

From the proof of the theorem we obtain also:

COROLLARY 1. The integral flow problem with bundles remains NP - com-
plete, if

(1) for each pairi,j € {1,... ,k} withi# j, I; N 1; =0,

(2) for each j € {1,...,k}, |I;] <2 and ¢; =1,

(3) for each j € {1,... Kk}, if (x,y),(z,y') € I;, theny =/,

(4) for each j € {1,... Kk}, if (x,y),(z',y) € I}, then x = 2.
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